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An Intermediate Spherical Model of a Ferromagnet’
Wayne W. Barrett?®

Received December 2, 1976

A one-parameter family of partition functions is considered which for zero
value of the parameter « reduces to the spherical model of a ferromagnet.
The model for ¢ > 0 is closer to the usual discrete lattice spin model of a
ferromagnet than is the spherical model. The first four terms in « of the
limiting value of the partition function are calculated above and below the
critical temperaturc for arbitrary interactions using the saddle point method
to calculate certain correlation functions for the spherical model. These
calculations indicate that the critical temperature is independent of « for
small « and certain interactions.
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INTRODUCTION

One of the outstanding problems in theoretical physics is understanding
phase transitions. For a ferromagnet, such as iron, the problem is to explain
the fact that when it is placed in an external magnetic field it becomes
magnetized, but when the field is removed, then above a certain critical tem-
perature T, the magnet loses its magnetism but below T it retains it. The key
to the solution of this problem is the evaluation of the partition function for
the system. For a now commonly considered lattice spin model of a ferro-
magnet, the partition function is

Oy, h) = Z eXP( Z Pttty + h Z f"i)

i,j=1
where N is the number of sites in the lattice; v = J(k7)~1, where J > Qis a
magnetization constant, k is Boltzmann’s constant, and 7 is the absolute
temperature; 4 is the external magnetic field; p,;, = p(lr; — r;]) = O is the
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372 Wayne W. Barrett

interaction between two lattice sites r; and r; in space; g; is a spin variable
assuming the values +1; and 2, denotes the sum over the 2% possible spin
configurations g = (uy,..., py)-

While Qx(v, h) is jointly analytic in v and 4 for all ¥, if we take the so-
called thermodynamic limit

—¢/kT = lim (1/N)log Qn(», h)

where ¢ is the free energy per site, we may expect nonanalyticities, particularly
on the line i1 = 0. A phase transition point is defined to be any nonanalytic
point of this limit.

The evaluation of the partition function is difficult and there are just a
few cases for which it has been evaluated exactly, corresponding to special
choices for the interaction p. For example, in this notation, the Curie~Weiss
model corresponds to p;; = 1/N and the Ising modelto p;; = 1if [r; — ;] = 1
and O otherwise. As is known from the Ising model, the difficulty in evaluating
the partition function increases immensely with the space dimension.

In 1952 Kac and Berlin (1) introduced a mathematical variation of a
lattice spin model called the spherical model. In it the sum over configurations
>3- Which is the sum over the vertices of a cube in N dimensions, is replaced
by the integral over a sphere passing through these vertices. Thus the discrete
variables (p1,..., in)s s = £ 1, 1 = 1,..., N, which satisfy the condition

M=
"
=

i
{

]
i

are replaced by continuous variables (xy,..., Xy), where the x; are constrained
to lie on the N-dimensional sphere with radius V' N:

N
Z xiz = N
i=1

With this modification the partition function Qu{», ) becomes

0:t 1) = |

N N
14
exp(i Z p,,-x,-xj -+ h Z xi) dﬁ'\lﬁ
sV m2=w fi=1 1

where do.5 represents the surface element of the N-dimensional sphere with

radius V'N.

By using the saddle point method, Kac and Berlin evaluated this
partition function for the Ising model in one, two, and three dimensions by
a method essentially independent of dimension. They found that there is
no phase transition in one and two dimensions, but in three dimensions there
is one.
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Recently Kac suggested investigating the following modified spherical
model. The last partition function is replaced by

N N N
On(, h, o) = f [CXP (_'f Z piXiX; + h z xi)] H (1 + ex;®) dovy
sYx2=n 2,5 1 1
)
where the weight function [ [¥ (1 + «x,?) has been introduced. Here « is a
positive real number. This weight function has its maxima at the 2¥ points
(+1, £1,..., +1), which are the points p; that were summed over in the
original discrete partition function. Thus it will be closer to that partition
function but can be investigated by similar techniques to those used in
evaluating the spherical model partition function.

Mathematically, the problem is to evaluate the thermodynamic limit of
the partition function

q(vs h’ a) = }11_1330 (I/N) log QN(Vs ha O‘) (2)

We have conjectured (2) for # = 0 that if the spherical model (¢« = 0) already
exhibits a phase transition, then for sufficiently small o > 0 the modified
spherical model also exhibits a phase transition, and furthermore that the
phase transition point v, where the limit is nonanalytic is independent of «, at
least for « sufficiently small. In this paper the limit for general p;; is expressed
as a power series in « and the first few terms are calculated explicitly. The
results agree with the above conjecture.
A difficulty occurs in calculating

Nlim (1/N) log Qu(r, 0, @)
directly for » > »,. We have calculated

Ilin(l) ;im (1/N) log Qx(v, h, )
i.e., we first find the limit for nonzero % and then take the limit as # —- 0. The
result is the same because g(v, 4, «) is continuous at 2 = 0.

Much intuition can be gained on the problem of calculating the limit (2)
by evaluating it explicitly for the cases p;; = 0 and p;; = 1/N. However, we
will not go into this here and refer the reader to Refs. 2 and 3.

2. FORMAL EXPANSION OF THE PARTITION FUNCTION
IN POWERS OF «

Since it does not appear that the partition function of the modified
spherical model is exactly soluble for general p;;, we now present a method
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of calculating the partition function term by term as a power series in «.
Expanding T[¥ (1 + «x,2) in (1), we can write

QN(V h,a) . o2 X ,
0. o) - Lte 2 G+ 5y 2 Gt - 8y)
+ % <xi2x12xk2>(1 - 81_1)(1 - Slk)(l - Sjk) + e

i,7,k=1

where { ) are the “spherical averages” (B.10) and § is the usual Kronecker
delta. One now introduces cluster functions (see Ref. 2 or Ref. 3). Set

x1(i) = <{x2
and define the successive y’s by the formulas
xPx (1 — 8) = x:Dxa()) + x2(G, /)
xx a1 — 8)(1 — 8p)(1 — 83) = xu@Oxa(Nxa(k) + x:1(Dx2(s k)
+ x:(Dxa(ls k) + x2(K)x20, J)
+ x3(i, J, k)

One then has a rigorous identity
QN(Vs h a) [ < . . . :l
=X s Logenny 3
QN(Va h 0) p Z ,Z,ik.:l Xk(ll iy lk:) ( )

The first term is given by

N N N
20 = 3 ot = Sty =N

since the integration is over the sphere >Y x,2 = N. By considering only
periodic lattices (in one dimension, sites on a ring; in two dimensions, sites
on a torus; etc.), every site looks the same and {x;") = {x;”) for all i, j, m
Then elementary calculations give

N N
xe(io)) = =NKx®>  and D xa(i, i k) = 2N<x,%
i, =1 1,5, k=1
Thus
On(v, h o? 4 a® 6\ _
1 QN(V h O) - 7 <x1 > + —3— <x1 > e

to the first three terms.

This method can be continued but the succeeding terms are considerably
more involved. The following method is more efficient for the purposes of
calculation.
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Let ¢(x) = TT¥ (1 + ox;®) and write

Ljgg Qusln ) _
£0,6,1,0) ~

We use the cumulant expansion:

10%<¢(x)> -+ 7y loglele e

log(ee ¢ = Clog (x)) + 5 <[log $(x) — log (1%
+ 5y <llog 4(x) — Clog DI

1
+ 77 Kllog $(x) — <log ¢(x)>]*
— X[log ¢(x) — <log ¢(x)I*>%} + -
Then, using log é(x) = XY log(1 + ax;?) and the expansion
log(l + ex?) = ax® — dex* + 3e®x,5 —
we can simplify the above expression, obtaining

QN(” h, “)
Floe QN(», . 0)

— Pilxy
7 log<e‘°‘ S

L EOmN) a0 )
2 3

_ a4[<x18>(h, N) <ViH(h, N)} 5[<x110>(h, N) _ {ViVer(h, N)]
4 5

8N oN
_ a6l<x112>(h, N) _ TVt N) V0N | <V, N)}
6 8N 18N 48N
e @

where

Vp =

HMZ
iy

— NCxy™y(h, N)

and we have written { >(h, N) to emphasize the dependence of the spherical
averages on i and N.
We now assume p is a general one-dimensional interaction. Then

pis = p(r, = 0,]) = p(ji — jD &)
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We are assuming that the one-dimensional lattice we are now considering is
periodic. Thus p(N — 1) = p(1) since the first and Nth sites are next to each
other, and in general

p(k) = p(N — k), k=1,2,.,N—1 (6)

Finally, assume that
> p) <o

i==w

and let

Let
R O S
¢ 2x), g0) — g(0)

There will be a phase transition for v, < co. It now follows from Eg. (4),
Appendix A, and the long and tedious calculations of Appendix B, that®

QN(V
lim 1i —1
lim lim 1085 6. 5.0 0)

3 s [105 5 S (L€ Vg
““i“+5°‘"[_ 3n2w(2w02s*—vg(9) o« t

M

for v < v,
3
o— 1 [3 - 2(1 _ E)z]az + l[15 - 30(1 - 2)2 + 16(1 — 10) ]a3
2 v 3 v v
_ [Qé _ 105( - ﬁ)z + 112(1 _ E)a — 33( _ E)‘1
4 v v v
3 i 1 Jz" e do )4
Tt L \2n), g(0) — g(9)
12 v & (1 r”‘ ¢t 4o )a
B . | 4
v ( v) n;_w (271 o &0) — g0

(-3 2 G )

for »>2v», (8)

3 s* is determined by (1/2 =) fo** {d8[[25s* — vg(O)]} = 1.
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If the calculations are performed only for » < v, the limits can be found
much simpler by first setting # = 0, but the calculations still become long
and tedious at the sixth term. From Ref. 3 the fifth and sixth terms forv < »,
are

[189 — 60 _i ( f 25% em—siZ(H))AlJ 5

3465 e gy \4
- [ 2 % Z (Zvrf 25% = vg(ﬂ))

1 (% ¢infdh s 2 1 (2 einfgh \2
—40 Z (2,, ) T¥ = vg(@)) v36 2 (27 , B vgw))

em’de \2(1 [*Te it do\2]
2n f 5% —vg(®) \2=), ¥ — @) |*
From (8) we see that the terms in the series are analytic functions of v except

atv = v, provided, of course, that all the sums converge. This v., defined by
(7), and the saddle point equation

1 [2* do

2r), 25% — vg(h) =1

are the same as for the spherical model. In particular, v. does not depend on «,
as mentioned at the end of the introduction.

If the above limit were calculated in d space dimensions instead of one,
then, as in the spherical model, each 1/2=7 should be replaced by 1/(2#)%, each
f2" by d integrals [3", and g(6) should be replaced by the multiple Fourier
series g(8) = 3; p(j) exp(iB-j), where the sum extends over the infinite
d-dimensional lattice, and so on.

It is now natural to ask whether the series given by (8) converges for
sufficiently small «. In general the answer is no. In fact, the coefficient of o*
in (8) for v > v, may very well diverge. For example, if

50~ @ = 3

then g(0) — g(6) ~ 6. Hence v, < o0 if r < 1 but

(1 evde \z ] db
Z (f?rf g(O)—g(e)) T 3n), [20) ~ g(OF

diverges for r > 4. The other two coefficients of «* for v > v, diverge for
rz3andr > % Even when there is no phase transition (v, = o0} and the
limit is given by the first part of (8) one might wonder about the convergence
of the series, for although each term is finite, the coefficients of «" increase
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with n. Here it is illuminating to take the simplest possible example, p;; = 0.
Then the limit can be calculated explicitly and it turns out that the radius of
convergence is 5 — /24 ~ 0.1, which is by no means large. In Ref. 3 we
established the convergence of the series for some simple one-dimensional
models with no phase transition, but even these proofs were not easy. We shall
deal with these convergence questions in subsequent publications.

APPENDIXA. THE MATRIX FOR A GENERAL ONE-DIMENSIONAL
INTERACTION

For a general one-dimensional interaction p we had [(5) and (6)]

piy = p(li _Jl) forall i,j
pk) = p(N—-k), k=12,..,N~-1 (A.1)

Because p satisfies these conditions, it falls into a special class of matrices
called cyclic matrices™®. As a result all the eigenvalues and eigenvectors of
(pi;) may be written down explicitly.

The matrix of eigenvectors is

Yo r cer Ty
2 2
ro® r ry-1
N N-1 N-1
gt sre o Fy-a

where r,, = e2™¥/¥ js a root of unity, and the eigenvalues are

N-1
Ae= D p(NeEN, g =0,1.,N—1

i=0
We set p(—j) = p(j) and rewrite A, as

(N=D1)/2
M= > p()eN,  k=0,1,.,N—1 Nodd (A2)

i=—=(N-1)/2

with a similar formula for N even. By writing A, in this last form we have
removed the implicit dependence of p(j) on N, which came from the equation
p(j) = p(N — J). :

We also note that |A,] < Agfork =0, 1,..., N — 1,50 Ay is the maximum
eigenvalue of p(i — j).

The matrix A = (2sI — vp(i — j))~* will be important in the calculations
in Appendix B. Since p(i — j) is cyclic, so is the matrix (2s/ — vp(i — j)) and
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hence A also, because the inverse of a cyclic matrix is cyclic. Thus the elements
a;; of 4 can be written

=p(li =) = pi-; (A.3)

where p(k) = p(N — k) fork = 1,2,..., N — 1. Then p, = p;_; = a,, can be
calculated from the eigenvalues and normalized eigenvectors of (2sI —
vp(i — j)). The result is

zninkl N

pn=NZ: 25 o i= V-1 (A4)

APPENDIX B. THE CALCULATION OF THE SPHERICAL MODEL
CORRELATION FUNCTIONS

1. We begin by reviewing the calculation of the spherical model partition
function in a nonzero magnetic field, which is given by

i,

04 ) = [ Pl = s + ) x,] doyy  (B.1)

Ezlv x2=N

€Xp [%v
1

We introduce the corresponding integral over all space

On(s, v, h)
=Jm ...fexp[_six,f + —z-vizlp(l — xx; + thz} dx; - dxy
Re s ; 1vd, (B.2)
This can be written
On(s, v, h)
= f: [exp(——sr2)]{f exp[%v Z pi — Pxx; + h i x,] a'o,} dr

Zf x2=r?
Changing variables by letting ¢ = r2, we have

QN(S v, h)
[l ol ]

This is just a Laplace transform. By the Laplace inversion formula,

Vilo o[5S A0 e 4 1 2]
— xx; + h D x| doy;
Wil 0 2 plé = pxixy + b 2 x| dov:

1 spti®

= etOuls, v, b) ds

2mils e
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We now let r = N. Then

04t 1y = XX [ ey (5, v, ) ds ®.3)

Tl Jsy—i0

Evaluating the Gaussian integral in {B.2), we obtain

~ _ Q2m¥ vz 1

QN(Sy Vs h) = [(25 - v)\o) (ZS — VAN—l) eXp ) (Aha h)
where X,,..., Ay_, are the eigenvalues of (p(i — j)) given by Eq. (A.2), A~ *is
the matrix (2s/ — vp(i — J)), and his the N-vector (A,..., k). Since 1 = (1,..., 1)
is the eigenvector of 4~ with eigenvalue 2s — vl,, it is an eigenvector of 4
with eigenvalue 1/(2s — vA,). Therefore, the quadratic form

1 .. N
Zs—v)\o(l’l)‘—h 25 — wAg

(4h, h) = K*
Thus

- _ (2m)" " exp| s
Onls, v, h) = {(ZS — vAg) - (25 — W\N-l)} exp[z(zs - W\O)] ®9

Substituting in (B.3), we obtain
Ox(v, b)

_ [N(Zw)”}”zfs"“m _ 1 N-1 he
= ——*—-;;E——— € Nis ﬁrkzo log(Zs — VA;C) + 2'-"—'“‘—(25 — V)xa) ds

sg—iw

The term in the exponent has a saddle point sy given by

1% 1 h?
Nk:o 2sy — vhy B (2sy — vAp)?
Choosing the path of integration to go through the saddle point, noting that
(1/N)Y SEZ3 log(2s — wA) and (1/N) 324 [1/(2sy — vA,)] are Riemann sums,
and letting s* = limy._ . Sy, We can evaluate the integral by the saddle point
method, with the result

1 — =0 (B.5)

40, B) = lim - log 0y, B)
N N

B 1 e . h?
= ilog 27 + 5% — 5@—7")-[0 log[2s* — vg(6)] db + 2[2s* — vg(0)]

where s* is determined by

1 2 db h2
1= E;Ff 3 —® T 5 = %OF (B6)

and

= > sl ®.7)
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There will be a phase transition for the interaction p(i — j) if
{27 {d0][g(0) — g(0)]} < co. The saddle point equation (B.6) determines s*
as a function of A, s*(4). Note that s*(#) is an increasing function of 4 and
s*(h) > Lvg(0) for all & > 0. Therefore lim,,.., s*(h) exists. Let

1 2n de

=), 50 - 2@ 5
and consider two cases:
I. v <v,. Then from (B.6) we see that limy,_, s*(h) # 1vg(0).
II. v > v,. Then from (B.6) we see that lim,_,, s*(h) = 3vg(0).
Therefore from (B.6) and the above
2
I O - 6 o ®2

2. We now show how to calculate the spherical model correlation func-
tions. If F(xy,..., Xy) is any function of x,..., x5, we define

<F(x15"-7 xN)>(h’ N)
v N . . N }
- { fzywnth, x) exp} > pli =+ b2 x| doc

J

N N _1
X { f exp[% Z p — )xx; + A Z xi] dam} (B.10)
SV a2=N i,j=1 ]

and

{F(xy5n xn)0(h, N)

- {f:) ---.[F(xl,..., Xy)

¥ v
x exp[—s > X2+ %Z pli = f)xpx; + h 2, xi} ey - de}
1 1
w N
% {J‘_w ...Jexp[—szxkz + %ZP(I- = J)xix;

N -1
+h xi] dxy -+ de} (B.11)
1
Then, similar to (B.3), we have
{F(x1,..., Xxy)>(h, N)

_ [ f"“"" e O F (6, , x))(h, N) dS] ( f

0~ 1w

Sot+ico

%3, ds) 7 B.12)

g i®
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If we write (B.11) as
CF(xy7, xy)0(hy N)

- { f j’ f F(typo.r, %) expl(h, )] expl— (4%, x)] dx; -~ de}

x { f : f exp[(h, )] exp[— (A~ x, X)] dx, - de}"l (B.12)

and make the change of variables
Vi=Xx—1
where t = (1,..., ) is given by
t = 4h (B.13)
we see that
S x>y NY = <F(y1 + 875y + 150, N)

Writing < M) for { »(0, N) and replacing the y’s by x’s, we obtain

CF(ey 7 xg)o(h, NY = (F(xy + £euny Xy + DD(N) (B.14)

3. Now consider F(x;,..., xy) = x;™, where m is a positive, even integer.
The method for calculating the correlation function for a single variable is
already known, (1) but is included here for the sake of clarity. Then

b W) = <G W) = 3 (7))
Since
0, k odd
(m — k — DI o DHM-BZ(N), keven
where (n — k — D =(@m ~ k - D)(m — k — 3)--5-3-1, then

G N = {

<;?’:>(k, N) = }: (’:)(m — k- DU zk<§c:'5><m—k>»’2(N) (B.15)
From (B.13)

N
[ =h Z i, for i=1,..., N, where A4 = (a;)
i=1

or

h

1 X 1
t o= —ﬁht’jz dy == -'-N'h(Al, 1) = m (Blé)

1
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and

. h
gﬁl}o t= m (}317)

Since <;c\15>(N) = (%}(N) for i = 1,..., N because A4 is cyclic,
~ 1 /&~ 1o ~
W) = 3 (S5 ) = 5510t 0655, 0)
From Eq. (B.4) this is
2 -
GeBy(N) = 5 Z 5o Mk (B.18)

Substituting F(xy,..., X») = x™ in (B.12) and using (B.15) gives the formula
for the spherical correlation function

sgtiw - ~
f G?NSQNS k<x12>(m -k)!z(N) ds

sp—i®

<™, N) = . ZS (’:)(m -k - DN

Sg+iw -
keven f evs On ds

sg—iw
As before the exponent in exp{N[s + (1/N) log 0,1} has the saddle point sy
given by (B.5). Therefore

<x1m>(‘h3 N)
m h k(] ¥z 1 )(m——k)iz
~ — -k - DM —) = e
oksZsm (k)(m ) (ZSN - ”)‘0) (N kZ{) 25y — vA,
even

where we have substituted for # and <xN12>(N) from (B.16) and (B.18). Then

F’m(ys h)
= I}Ln; <xy™o(hy N)

- m IRPREINTY S N L B R L
OSkZS,,, (k)(m k D"(Zs*—vg(O)) In), 25 = vg(0)

keven

(B.19)
where s* is determined by (B.6). It follows from (B.6) and (B.9) that
2 de 1, v < v,
}zl—rg 2w o W B {vclv, vV 2, (B.20)

Finally passing to the limit as 2 — 0 in (B.19) and using (B.9) and (B.20), we
obtain

/“’m(”) = lim P’m(”a h)
h—0

_ oSkzsm (IZ)(m ~ k=D ( - V—:)M2 (Ef)(m_k)lz’ v (B.21)

keven

(m — D, v < v,
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For example,

Ve Vel _
,u.g(v)=l-;—+1(1—-;)—1, V2,

ve\2 Ve Ve vo\2 ALY
}L4(V)=3(‘;) +6;(1~——;)+( ——;) -—~3‘“*2( —";-), v 2,

The formulas for the first four nonzero p,,(v), obtained from (B.21), are
p,g(v) = 1 allv

3, VK Y,
11»4(11)—_.:{3-2(1 —&)2’ v,

14
_[® - . TS (B.22)
He) = 15—30( -‘%) +16( —";) v >,

105, VS e
k) = 3105 — 420( - ”;)2 + 448( ~ -";)3 - 132( - ”;)* v

Except for py(v), each p,(v) shows a break in analyticity at the phase transition
point »,. We have p,; = 1 necessarily because the spherical moments are
computed integrating over the sphere >¥ x,2 = N. Also, for each m, p1,(v) —> 1
as v — 00, corresponding to perfect order in the magnet at zero temperature.

4. Pair correlations. Finally we consider F(xy,..., xy) = x;"x,", where
m and n are positive, even integers. Then, similar to the above,

£ P~
xmx(hy NY = {(x; + 1)™(x; + £)"M(N)

In order to compute the limit as N — oo and 7 — 0 of <V, 2(h, N)/8N in
Eq. (4) we need to calculate {x;*x;*>(%, N),1.e.,thecasem = n = 4. Although
this is the simplest case, it is highly nontrivial and the remainder of the paper

a4
is devoted to its calculation. Since & + 7 must be even for {x}*xF - (N) to be

nonzero, the terms that contribute to <xﬁ?}>(k, N) are
o~ £t £ — F g
Cexp(N), <x2x/X(N), <xPx5(N),  {x*x,(N)

e e ™4 P
xBxpV),  {xtx W), <X H(N),  {xx(N)



An Intermediate Spherical Model of a Ferromagnet 385

plus
G, GO, GPN), RN

which we have already computed.
From (B.12"), ay = <xxp(0, N) = <xx>(N) and using the formula

P RENN) = (x5 T x) written individually

TG

pairings palrs

for Gaussian distributions with mean zero, we find

3 3
2 3 —
<xi2x1‘2> = Qyudy; + 2a,~,-, <xi Xy > = 9aﬁai,~ajj + Gaij

—
{xtxt> = 9akad + T2ayaia;; + 24ad (B.24)

——t s emmnnd
2
<xi3x_,-> = 3a,-ia,-j, (xﬁxﬂ) = 3ai2iajj + 120{;, etc.

It follows from (A.3) that we can write a; = p(|i — j|) = p;.;, where
pk) =p(N—-—Kfork=12,..,N~ 1.

Then the above formulas simplify to
£ minsmnd
x32x2) = po® + 2pf-;

Lo

XD = Pi-gs
£t

(XA = 9pot + T2p2pi-; + 24pt.;

s
%% = 9po®pi_; + 6pF;,
s — P sed ——t
xPxp = (xx®y = 3popi-y, XD = {xPx*) = 3p® + 12popi.;
(B.25)
and also <;c\’,-‘"> = (m — D! p%/2 Now if we let the bar denote the inverse of
the tilde and let & = #2, we have
V(h, N) = 2 Cxixt(h, NY — N¥x 2k, N)

i,i=1

> G, N) - NG NP

ll

“33000) 3 T oo
k=01=0 ti=1
[ ( )(m -k - I)!!<’-7Z‘%>(4-k)l2#klz]z
k=0,2,4
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from (B.15) and (B.23). Expanding these sums, substituting from (B.25), and
simplifying, we obtain

— —2 RN ——
V2, N) = IN*(po™ — p3 ) + 36N*(po%)Z — pop”)
— —2

+ N2(u* — ) + 6N (pu? — poip?)

+ 36N?(po°p — i’?ﬁ) + 12N2(P0H - Pol’«;é)

+ 72N D popa® + 24N 3 p.t

n n

+ 144N 3 po®pan + 96N > p.u

+ 72N D p2u® + 16N D pid

+ 144N D pop.2i + 96N > pop.i (B.26)

where 3, means > R42 . o and N is odd.
From (A.4)
1 Mot e2minkiN

Substituting for A, from (A.2), we get a Riemann sum. Then under suitable
conditions on p,

. e do
Jm . = 25 —vg(0) (B.28)
where g(6) is given by (B.7). Since ¢ = t2, from (B.16) and (B.17)
i 2
and
T h 2
fin = (5=50) - B0
Since the bar is the inverse of the tilde, it follows from (B.12) that
Sg+ioo -
f » e"* Qnpo'p, u™ ds
PopaTu" = (B.31)

f eV 0y ds

o— i
where /, r, and m are nonnegative integers. If we let
f8) = s+ (1/N) log Oy (B.32)
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and set f'(s) = 0, we have as before the saddle point s determined from
Eq. (B.5). By the saddle point method

polpnrl"m ~ Polpnrl"mls =sy
1 N-1 e2ninkiN \ h om
( z o 255 — V’\k) (N kzo 25y — V)‘k) (2S - V’\O) ®.33)

from (B.27) and (B.29).
Then, using (B.28) and (B.30), we have, similarly to (B.19),

lim po'p,’p™
N o

12 do L[ endh \r h 2m
- (Z‘r o 25% — vg(a)) (27 o 25% — ug(e)) (2s* - vg(())) (B.34)

with s* determined by (B.6).

Letting A — 0 gives, similarly to (B.21) [see footnote preceding Eq. (8)
for the condition determining s*]

lim lim pglp, u™
h—+0 N>

ine d@ r
_ (sz 25% ~ Vg(")) o e (B.35)

Vc lfn mad@ TI_’_}_Sm >
A ORF0) v T

Using this resuit and (B.26) gives [with the same condition for s* as in (8) and
(B.35)]

h—0N- 8N

2 (] (2 iy \2 o 2 mo g \4
9,;_@ (E; . 2s*—vg(9)) +3 2 (277 . 2S*—vg(0))’

NnN=—x

2
lim lim (7th + 8th + 10th + 11th + 13th  termsin 2 >)

v £ v,

%5 L ) o2 Gl )

e
:

2,
+ 9,,1 (‘ B ") b) (% |, w=em)

“8%( “%)niw(l i | o=3®

v 2,
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The second of the above expressions simplifies to
2 i ( jzn e’ df )2
v? 2n ), &0) — g(9)
12 v\ < (1 [ é&"dh \3
¥ "( - 7) 2 (z_wf 0 = g(e))

n= -0

The ninth, twelfth, and fourteenth terms must be treated separately. The
ninth term in <V,2>/8N from (B.26) is

(N-1)/2
18 Zpozpnn=18p02( S pn)p
n

n=-(N-1)/2
But
(N—-1)/2 (N-1)/2 N
Pn = Z Z for i=1,.,N
n=—(N-1)/2 i—j=—(N—1)/2 =

a TT ee————
z i s—w\o

1 j=1
because of the cyclic nature of (a;;) and by (B.16). Since 1/(2s — vAg) =
#*2[h, then 18 >, po’pupe = (18/K)po°u®?. By (B.34)

18 ——m _ 1o L [ d0 \? 2
aim o’ = Bl | 5 g®) B = mO)F

and we see we cannot yet take the limit as 4 — 0. The twelfth and fourteenth
terms are handled the same way, and we find

(B.38)

2
lim (9th + 12th + 14th  termsin < 22
N->w SN

dé 2 h? hs
- 18($L 25* —?ngT)) 5% = gOF | 225 = )T

2n (9 4
+ lz(i d ) o h (B.39)

2w, 25* — vg(0) * — g0
Substituting
h2
2TJO 3F g0 | T s — vgO)F
from (B.6), this last expression becomes
h2 h‘.‘: hG

8 [2S* _ vg(O)]3 — 24 [25* . Vg(())]5 + 8 [2S* — Vg(O)]7 (B39’)
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The above calculation can also be done by using (B.28) and noting

i (Ni)m Jaid 1 2z "t de

m n T — [

N—roo n=—(N——1}/2p 2w 2wy 25 — vg(f)
3(6) do 1

m)y 25 —vg()  2s — vg(0)
We must now deal with the first six terms in (B.26). Since they are
preceded by N? and we are only dividing by N, the terms of order 1 in

Dot — poz, etc., must vanish with terms of order 1/N contributing to the limit.
This is indeed the case. To calculate the terms of order 1/N, however, we must
do the saddle point calculation to the next higher order.

In (B.31), setting r = 0, using (B.32), and changing the contour
(s¢ — io0, 5y + io0) to T, the path of steepest descent through sy, we obtain

J;_, eNf(s)pOI#m ds

f eNf(S) ds
r

Substituting from (B.4) into (B.32) we obtain

po'p” = (B.40)

N-1 ]

fis) = —log 27 4+ § — 2N Z log(2s — vA,) + —(——imx») (B.41)

Along I', Im f(s) = 0 and max,p f(s) = f(sy). Changing variables by letting

= f(s} — f(sx) (B.42)
and substituting from (B.41), we obtain
1 1 1
w2 = e 22 -
L S L Ty (1 T 1205 — s3)] (25w — 7o) 1)

1 2s — sx)
TN k’g(1 + o — v:\k)

Expanding the right-hand side in a power series, we find

0
1 N—-1 1 .
- |G 5N 2, G~ B

where the coeflicient of s — sy vanishes by (B.5).
Let
hm

= By — Ay B4
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and
N1
A, = %;Zo m (B.45)
Then

W2 = — (2793 + AQ)(s — sy)? + (4704 + $A)(s — 5y)° — - (B.46)

and
W= —iQry + Ag)(s — sN)[l - %{—%ﬁ (s — sy) + ] (B.47)

Let
y = —i(2755 + Ag)? (B.48)

and
D = (94 + 1A3)/(2755 + Ap) (B.49)

Inverting (B.47), we obtain

w w2
s=sN+;+2D-)—’§+--~ (B.50)
ds 1 4D
dTv—;+—),—2~W+"' (BSI)
and
1 4Dw + B.52
&sjaw =¥ T APw (B.52)

To complete the change of variables from s to w in (B.40) we need to solve for
Do and p in terms of w. Substituting (B.50) into 0 = A?/(25 — vAy)?, Eq. (B.29),
and simplifying, we find

= o] 1 = Aoy 4 (Lo _ 8167 P s
n= p.o[ Ty w + (h2-y2 Fry? Dyw? + .. (B.53)

where

o = ploy = B2y — AP (B.53)
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From (B.42) and (B.32)

1 ~ 1 ~
w? = —(s — sy) + ]—VIOg QNfsN - Nl()g Oy (B.54)

Differentiating both sides of (B.54) with respect to w, we obtain

From (B.4)
19 ~ 1 h?
NG Ty ,Zo %5 — vhn | (@5 — vAg? (B.56)
By (B.27) and (B.29)
10 ~
- WE‘SIOE Oy =po + p
Substituting in (B.55) and solving for p,, we obtain
2w
po—l—ﬂ+m (B.57)

Making the change of variables w? = f(sy) — f(s) in (B.40), we find

f " fexp(— Nw?)] polu(ds/dw) dw
= 1 (B.58)

pO w w©
f [exp(— Nw?)](ds/dw) dw

because w goes from —oo to oo, as s traverses the path I' [Eq. (B.47)]. Sub-
stituting in (B.58) for p, using (B.57) and substituting for p, 1/(ds/dw), and
ds{dw from (B.53), (B.52), and (B.51), a tedious calculation and integration
yields

ST 1 po"(l = po)' =2
Pk = po™(1 — po) + NO—T},—Z“Q"—

X {12#‘1)/2(1 — o) Dl — m(1 — po)] + 6[m(1 — po) —hl!LO]’LO(I ~ Io)

400 — Dpe® + mim — DA — po)®lug _ 8mipe®(1 — po)
h h

+

+ 4 us? [ = Do — m(l— po)l+ y*hi(l - 1)} + o (B.59)
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We can now calculate the first six terms in (B.26) using this formula:

- — L) 3
e _sz _ %(1 h,yéLO) (4,1;10 + 4232 4 ,),4/,) e

s 2 e’ [w ¥ 42l — 1) + y4h] F o

5 2,2 _ = = L0
Po Dop N hy? h

iy . L

S + (B.60)
—  — 16 po? | 2102(1 — '
Po2pE — pop? = — N}% [JM + y2udH(l — P‘o)] + -

_ 3 2
po(l — po) [87!0 _ 41;20 + 292u2Bpe — 1) + .},4/1] +...

PR = P =
0 0 0O N hyz

8

N

—— 39
Pob® — pop p* = ,’:7"2 [%(1 = 2p0) — 72#%’2] + o
Substituting Eqgs. (B.60) in (B.26) produces astonishing cancellations and we

find
2 5 5/2
sum of first six terms in <:;/;v> = 1}162’:; + 24;; & +97 (B6D)

From (B.48), (B.44), and (B.53'), this is
3/2

_ 16p40° 24p3% (20
R T R e by e

Letting N — oo gives

2
lim {sum of first six terms in @
N-w 8N

= 16(2+g(0))

h 3 1 (% db -1
X@Pbﬁ—@@]+hﬂo m*—%@ﬂ}
h* h?
T UDE —oF P - wOr

I [2" de
~9%), BF - wOP ®.62)
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where we have used the fact that A, [Eq. (B.45)]is a Riemann sum and s¥ is
determined by (B.6). Combining this result with (B.39'), we find that all the
“dangerously divergent” terms miraculously disappear, leaving

_1_ 2n dB
2z}, [25* — vg()F

* [s(‘zs—*‘—%my%f:n @

h 3 do -1
8 {2(2S* - vg(O)) = o [25% — vg(e)]”}

Letting /2 — 0, this becomes [with s* determined as in (8), (B.35), and (B.36)]

-9

1 [ df
), B wOP e
I
v o), 180) —g(OF @ v) 2n), [2(0) — 2] o

Combining this with (B.36) and (B.37), we find that the first terms cancel by
Parseval’s identity, vielding (with s* determined as above)

& 1 (% efds e
3 nzw ["2“; o 2S* — vg(e)] > v < Ve

wor_ |72 5] =)

lim lim ~—~ =

r+oNow SN 12 v\ & 1 028 gnegp s
*?O')MZJ%Lg@~ﬁM

4 v.\2 1 [ dé
+Fﬁ“?)§£ 20 —zOF

8

#
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